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SUMMARY
This paper discusses the discretisation of the eddy-current term of the magnetoquasistatic subset of the Maxwell
equations in a 2D setting with radial symmetry. It is shown that dedicated finite element shape functions are
needed to make sure that particular distributions of the magnetic flux density and the electric field strength can
be resolved exactly. Moreover, the shape functions should obey a partition-of-unity property and should achieve
a prescribed convergence order. The 2D solver with radial symmetry is applied to calculate the performance of a
multi-coil induction cooking system. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION
The working principle of many electric machinery, transformers and induction heating systems is based
on magnetic field coupling between a primary and a secondary system part. The primary side typically
consists of a set of coils, whereas the secondary may consist of a second set of coils (e.g. transform-
ers and direct current (DC) machines), a solid piece of conductive material (e.g. induction cooking
systems, induction machines) or permanent magnets (e.g. permanent-magnet synchronous machines).
In most of these cases, the magnetoquasistatic (MQS) subset of the Maxwell equations is sufficient
to describe the relevant electromagnetic phenomena. The resulting partial differential equation (PDE)
is typically discretised by the finite element (FE) method. The most popular MQS formulation is
expressed in terms of the magnetic vector potential and discretised by edge FEs.
Not only complicated geometries but also local effects, such as ferromagnetic saturation and eddy
currents, necessitate the use of unstructured computational grids in combination with adaptive mesh
refinement. Many configurations, however, feature a particular symmetry, which allows to reduce the
computational domain to a two-dimensional (2D) one. For example, cylindrical machines are transla-
tory symmetric, whereas simple induction cooking devices feature a cylindrical symmetry. A reduction
to 2D significantly reduces the computational cost of the FE method. The efficiency gained may be
invested in a further mesh refinement step, in a more accurate time integration scheme or in more
elaborated material models.
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The 2D symmetries considered in this paper have the applied and induced currents along the direc-
tion of symmetry and the magnetic flux lines confined within the 2D cross section. Such 2D FE solvers
are widespread for the Cartesian and axisymmetric case, which are embedded in almost all software
packages for electromagnetic field simulation. Moreover, in academic tools, reductions for arbitrary
continuous symmetries have been proposed and have been illustrated for helical coordinates [1–5].
Another occurring symmetry is radial symmetry as in, for example, disc motors, cylindrical magnetic
brakes and cylindrical heating devices. It is remarkable that this symmetry is, to the best of the author’s
knowledge, not often exploited. The authors of [6] and [7] recognize the radial symmetry of an axial-
flux permanent-magnet machine and choose to approximate the geometry by a stack of thin cylindrical
shells; each shell is then treated by a 2D Cartesian model.
In this paper, we develop a 2D FE MQS solver for models with radial symmetry. The key point is the
definition of appropriate FE shape functions and the proof of their basic properties. The paper extends
the work reported in [8], which was limited to the magnetostatic case. We discuss the discretisation of
the eddy-current term and show that also the induced electric field strength is resolved in a consistent
way by the FE shape function proposed in [8]. Moreover, we discuss the issue of numerical quadrature
to calculate the FE system matrices.
The paper is organized as follows. In Section 2, the MQS formulation in terms of the magnetic vector
potential is recapitulated. Section 3 applies the weighted residual FE element to the MQS formulation.
Section 4 simplifies the MQS formulation for radial symmetry and brings up a few statements that
motivate the choice of edge shape functions in the subsequent section. Section 5 is the core part of the
paper and proposes edge shape functions that are appropriate for radially symmetric configurations.
In Section 6, the properties of the edge shape functions are stated and illustrated. The convergence of
the FE discretisation with the shape functions is verified in Section 7. Section 8 applies the new solver
for comparing two coil configurations for an induction cooking device, and Section 9 summarizes the
paper and formulates conclusions.
2. MAGNETOQUASISTATIC FORMULATION
The MQS subset of the Maxwell equations arises when the displacement currents can be neglected
with respect to the conductive currents:
r  EE D @
EB
@t
(1)
r  EH D EJ (2)
r  EB D 0 (3)
r  EJ D 0 (4)
where EE is the electric field strength, EJ the electric current density, EH the magnetic field
strength and EB the magnetic flux density. In this paper, we stick to isotropic and linear material
relations:
EJ D  EE (5)
EB D  EH (6)
where  is the conductivity and  is the permeability. Anisotropic, non-linear and remanent materials
can be treated but are not considered in the notation for the sake of brevity.
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The magnetic vector potential EA is defined by EB D r  EA and follows from integrating (3) in space.
The electric scalar potential ' follows from integrating (1) EE D r'  @ EA
@t
. The insertion of these
definitions together with the material relations (5) and (6) in (2) leads to
r 

r  EA

C  @
EA
@t
D r' ; (7)
with  D 1= the reluctivity.
3. FINITE-ELEMENT DISCRETISATION
The magnetic vector potential EA is approximated by a series expansion:
EA D
X
j
_aj Ewj (8)
where Ewj are vectorial trial functions, and _aj are the DOFs. In the 3D case, Nédélec edge elements
are the functions of choice [9, 10]. Appropriate edge elements for the radially symmetric case will be
constructed in Section 5. The weak counterpart of (7) follows from multiplying both sides with the test
functions and integrating over the computational domain V . Choosing the Ritz–Galerkin procedure
and using the same set of shape functions lead to
K_a C M d
_a
dt
D _j s (9)
where
K;ij D
Z
V

r  Ewi
  r  Ewj  dV I (10)
M;ij D
Z
V
 Ewi  Ewj dV I (11)
_j s;i D
Z
V
EJs  Ewi dV : (12)
The notation used here for the algebraic matrices and vector is borrowed from the finite integration
technique [11]. Until now, the derivation is general and does not account for any symmetry. Selecting
Nédélec’s tetrahedral edge elements for Ewj in (8) would lead to the standard and most popular 3D FE
method for MQS field simulation [9]. A coupling of the field model (9) to an external circuit model is
straightforward and follows the methodology described in [12] and [13].
Historically, 2D formulations are developed by first turning the 3D MQS PDE (7) into a 2D reduction
[14–16], for example, for the 2D Cartesian case:
 @
@x


@A´
@x

 @
@y


@A´
@y

C  @A´
@t
D Js;´ ; (13)
where A´ and Js;´ are the ´-components of EA and EJs respectively. Then, in a second step, A´ is
discretised by, for example, common 2D nodal shape functions, and the Ritz–Galerkin procedure is
applied to (13). We do not favour this approach because it hides the vectorial character of the magnetic
vector potential and easily causes misunderstandings (e.g. for an anisotropic material with reluctivity
 D diag x ; y, x and y should be inserted in the second and first term of (13) respectively).
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Table I. Edge shape functions for Cartesian, axisymmetric and radial symmetry.
Edge shape function Nodal shape function
Cartesian Ewj D Nj .x;y/`´ Ee´ Nj D
aj Cbj xCcj y
2S
Axisymmetric Ewj D Nj .r;´/2r Ee Nj D aj Cbj r
2Ccj ´
2D
Radially symmetric Ewj D Nj .r;;´/r2r1 Eer Nj D
aj
1
r Cbj rCcj
´
r
2S
Moreover, although 2D nodal shape functions may apply in the 2D Cartesian case, they are inappropri-
ate in the 2D axisymmetric case [17, 18]. We propose to stick to the 3D weak formulation represented
by (9) and incorporate the symmetry in a specific choice of edge shape functions Ewj (Table I). This
also introduces a scaling of the shape functions (e.g. by `´ in the Cartesian case). This is not common
but is highly recommended (e.g. in [19]), because it allows a generic implementation of the three 2D
solvers and their coupling to a circuit [13, 20]. At this point, we abandon the general case and develop
in this paper a specific 2D solver for radially symmetric models.
Here, we restrict our development to the case where the field quantities are constant in the direction
of symmetry. In general, a 2D solver may prescribe a particular variation in the direction of symmetry.
A typical case is a cylindrically symmetric model (also called a body of revolution) where the field
values depend by a harmonic function on the azimuthal coordinate [21–23]. In principle, a prescribed
variation along the radial direction other than a constant function can be introduced in the formulation
developed here. However, because the additional generality would burden the notation and because
relevant applications are rare, we restrict ourselves to the simplest case.
4. MQS PDE REDUCED FOR RADIAL SYMMETRY
We use a cylindrical coordinate system .r; ; ´/ with r the radial,  the peripheral and ´ the axial
coordinate (Figure 1).
The computational domain is described by V D Œr1; r2 ˝ S´. It reaches between r1 and r2 and
has a cross section S´ with arbitrary shape. We consider a radially symmetric configuration, which
corresponds to the following properties:
 The material distribution is such that the reluctivity .; ´/ and the conductivity .; ´/ do not
depend on r .
 The source current density EJs D .Js;´; 0; 0/ D

hj=r; 0; 0

has only a radial component and has an
inversely proportional dependence on the radius. hj.; ´/ represents the distribution of the current
density in the peripheral and axial directions. The particular spatial dependence of Js;´ reflects
the divergence-freeness of the current.
 The magnetic flux density EB D .0; B ; B´/ is assumed to have only peripheral and axial
components.
Under these conditions, the magnetic field can be described by a magnetic vector potential EA D
.Ar ; 0; 0/ with only a radial component. The induced electric field strength EEind D  @ EA@t also has only
a radial component. The MQS PDE (7) decouples into
 1
r
@
@


r
@Ar
@

 @
@´


@Ar
@´

C @Ar
@t
D 1
r
hj (14)
@
@r


1
r
@Ar
@

D 0 I (15)
1
r
@
@r

r
@Ar
@´

D 0 : (16)
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Figure 1. Cylindrical coordinate system .r; ; ´/. (a) Typical model with radial symmetry; the considered 2D
cross-section is indicated by a red line. (b) Volume V with radial symmetry and cross-section S´ ranging between
r1 and r2.
In contrast to the Cartesian and axisymmetric cases, Equations (15) and (16) in the -direction and
´-direction are not trivial. They are only fulfilled when Ar .r; ; ´/ has a particular dependence on r ,
that is,
Ar D rf ./ C 1
r
g.´/ ; (17)
where f ./ only depends on  , and g.´/ only depends on ´. A similar situation, that is, A´ being
dependent on ´ or A being dependent on  , is not encountered in the Cartesian and axisymmetric
cases respectively. The magnetic flux density and the induced electric field strength are
B D 1
r
@g
@´
I (18)
B´ D @f
@
I (19)
Eind;r D r @f
@t
 1
r
@g
@t
(20)
The edge shape functions developed in the next section need to mimic the specific dependencies
on the radial coordinate, such that the occurring magnetic flux density and the induced electric field
strength are appropriately represented on the computational grid.
5. EDGE SHAPE FUNCTIONS FOR THE RADIALLY SYMMETRIC CASE
We propose the edge shape functions Ewj , which are defined per element by
Ewj .r; ; ´/ D Nj .r; ; ´/
r2  r1 Eer I (21)
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Nj .r; ; ´/ D
aj
1
r
C bj r C cj ´r
2S
(22)
where S is the element area, and aj , bj and cj are coefficients determined by the requirements that
the nodal shape functions Nj .r; ; ´/ give a value of 1 at the mesh node .j ; ´j / and a value of 0 at all
other mesh nodes. The coefficients aj , bj and cj , j D 1; : : : ; 3 follow from solving
Z r2
r1
Ewj .i ; ´i /  dEr D ıij ; i D 1; : : : ; 3 ; (23)
with ıij the Kronecker delta function for each of the individual triangles of the 2D mesh. The term with
coefficient bj offers a first-order approximation for f ./ in (17), whereas the term with coefficient
cj offers a first-order approximation for g.´/ in (17). The term with coefficient aj enable to model
an induced electric field strength with a constant distribution in the -direction and ´-direction and
an inversely proportional dependence in the r-direction according to a divergence-free current in the
conductive parts of the model.
The radially symmetric edge shape functions are significantly different from their Cartesian
and axisymmetric counterparts (Table I). Note that Ewj .r; ; ´/ does not only depend on the coor-
dinates  and ´ in the cross-sectional plane but also on the coordinate r along the direction
of symmetry.
6. PROPERTIES OF THE RADIALLY SYMMETRIC EDGE SHAPE FUNCTIONS
It is easily shown that the edge shape functions Ewj .r; ; ´/ feature the following properties:
 Partition-of-unity property: Ewj has the nature of an edge shape function corresponding to the
radial edge ranging from r1 to r2 perpendicular to the considered 2D ´-plane. The partition-of-
unity property is a direct consequence of (23) and amounts to
X
j
Z r2
r1
Ewj .; ´/  dEr D 1 ; 8 .; ´/ : (24)
 Consistency: To be consistent, a discrete solution has to be sufficiently close to the true solu-
tion [24]. In the Cartesian case, consistency is granted if at least a constant flux density both in
the x-direction and y-direction can be represented exactly. Relevant magnetic flux distributions
with radial symmetry are a homogeneous axial flux and a peripheral flux with 1=r-dependence.
It is easily checked that an appropriate combination of terms in bj allows to represent a homo-
geneous axial flux distribution, whereas an appropriate combination of terms in cj is capable of
representing a peripheral flux with 1=r-dependence. Besides that, it is important that also a homo-
geneously distributed electric field strength with 1=r-dependence can be represented exactly. This
is guaranteed by the terms in aj .
 Convergence: A 2D FE solution obtained for lowest-order shape functions should converge at the
order O.h2/ D O.n1/ where h is the mesh size and n the number of DOFs [24].
The edge shape functions Ewj can represent a divergence-free magnetic flux with both a -component
and a ´-component (18) and (19). Moreover, the relative contributions of both components may differ
between neighbouring elements, as is obvious when the magnetic flux lines are bended in the ´-plane.
This behaviour is contradictory to the form of the reduced PDE (14) and the expected solution (17),
which indicate a decoupling of axial flux parts (for which Ar depends on r) and peripheral flux parts
(for which Ar depends on 1=r). This is caused by an inherent approximation caused by the assumption
of radial symmetry. Despite the fact that the edge shape functions inherit the decoupling, the weak
form (9) allows some bending of the magnetic flux in an approximate sense [8].
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Table II. Data of the analytical model.
Inner radius r1 1 mm
Outer radius r2 2 mm
Peripheral extent 2 1 rad
Axial extent ´2 5 mm
Permeability  1000 H/m
Permeability of vacuum 0 4  107 H/m
Conductivity  5:77  107 S/m
Magnetic flux (rms) eff 1 mWb
Frequency f 50 Hz
7. CONVERGENCE OF THE RADIALLY SYMMETRIC FE DISCRETISATION
The convergence of the FE discretisation with shape functions (21) is tested for an example for which
an analytical solution is available. The model extent is Œr1; r2  Œ0; 2  Œ0; ´2. The domain is
homogeneously filled with a linear material with permeability  and conductivity  . The model is
excited by a peripheral flux .t/ D eff
p
2 cos.!t/ where eff is the root-mean-squared value of
the time-harmonic flux, and ! D 2f is the angular frequency. The applied values are collected
in Table II.
The analytical solutions for the magnetic vector potential, the reluctances in the direct current (DC)
and the alternating current (AC) case, the magnetic energy and the power losses are
Ar .r; ; ´/ D eff
r ln r2
r1
sinh .	´/
sinh .	´2/
I (25)
Rm;DC D 2
 ln r2
r1
´2
I (26)
Rm;AC D Rm;DC 	´2tanh .	´2/ I (27)
Wanal D 1
2
Re ¹Rm;ACº2eff I (28)
Panal D !Im ¹Rm;ACº2eff ; (29)
where 	 D p|! D 1C|
ı
is the Helmholtz constant, and ı is the skin depth.
A comparison is set up for the magnetic energy and power loss
W D 1
2
_aH K_a I (30)
P D !2_aH M _a ; (31)
calculated for the analytical solution represented on the mesh by _a D _a anal (subscripted by ‘fe1’)
and calculated for the FE solution _a D _a fe obtained from solving (9) (subscripted by ‘fe2’). An
unstructured 2D mesh with decreasing mesh size is used (Figure 2).
The magnetic energy Wfe1 converges at the order O.n1/ D O.h2/, whereas the power loss Pfe1
converges at the order O.n2/ D O.h4/ where n is the number of DOFs, and h is the mesh size.
When the quadratic forms (30) and (31) are evaluated for the FE solution _a fe obtained from solving
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Figure 2. Convergence of the finite-element discretisation error of the magnetic energy and the power loss, once
for the analytical solution imposed on the computational mesh (Wfe1 and Pfe1) and once for the solution of (9)
(Wfe2 and Pfe2, using the edge shape functions (21)).
Figure 3. Convergence of the finite-element discretisation error of the magnetic energy and the power loss, once
for the analytical solution imposed on the computational mesh (Wfe1 and Pfe1) and once for the solution of (9)
(Wfe2 and Pfe2, using the inappropriate edge shape functions (33)).
.K C |!M / _a fe D 0 with the boundary conditions mentioned previously, the magnetic energy Wfe2
and the power loss Pfe2 both converge at the order O.n1/ D O.h2/. These results confirm the theory
for lowest-order FEs [24].
The choice of the r-dependence in (22) is not trivial. It is informative to check the convergence for
a slightly other shape function, that is,
Ewwrongj .r; ; ´/ D
N
wrong
j .r; ; ´/
r2  r1 Eer I (32)
N
wrong
j .r; ; ´/ D
aj C bj r C cj ´r
2S
(33)
(notice the change in the aj -term). The magnetic energy obtained by 12 _aHanalK_a anal still converges
because of the fact that the construction of K involves derivatives with respect to  and ´ such that
only the terms in bj and cj are relevant (Figure 3). The conductance matrix M is not consistent as is
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Figure 4. Convergence of the finite element discretisation error of the magnetic energy and the power loss, once
for the analytical solution impressed on the computational mesh (Wfe1 and Pfe1) and once for the solution of (9)
(Wfe2 and Pfe2, using Gauss quadrature on triangular prisms for the calculation of M ).
confirmed from the failing convergence of Pfe1 D !2_aHanalM _a anal. It is clear that, in that case, the FE
solution _a fe is not converging nor the magnetic energy and power loss post-processed from that.
In our implementation, the integrals (10) and (11) are calculated exactly. However, many FE
packages apply Gauss quadrature for integration. This choice is motivated by computational efficiency
and by the possibility to consider inhomogeneous material distributions. The consistency and conver-
gence of the discrete formulation remain guaranteed because of the fact that Gauss quadrature is exact
for the integration of polynomial shape functions as long as the order of the quadrature is sufficiently
high. Here, however, the edge shape functions are not polynomial because of the 1=r-dependence of
the aj and cj terms in (21). We implemented a Gauss quadrature rule for triangular prisms [25]. A
numerical test with a fourth-order rule shows a collapse of the FE convergence (Figure 4). An alterna-
tive would be adaptive numerical quadrature, which is capable of resolving the 1=r-term appropriately.
Here, using lowest-order shape functions, we calculated the integral by hand.
8. APPLICATION: INDUCTION COOKING SYSTEM
The 2D FE solver for radially symmetric models is illustrated for two different coil configurations for
an induction cooking system. The bottom of the cylindrical cooking pot has a diameter of 200 mm and
is constructed from magnetic steel with a permeability  D 1500 and a conductivity  D 106 S/m.
A standard cooking system is equipped with a spiral coil (Figure 5 top) [26].
However, a set of radially oriented coils offer some redundancy and may cause a more homogeneous
distribution of the heat losses in the steel bottom (Figure 5 bottom). The coils are excited by a current
at f D 1 kHz. At that frequency, the skin depth in magnetic steel is ı D 75 
m. Below the coils, a
flux conveyor made of ferrite material is positioned.
For both configurations, a 3D FE simulation is carried out using CST EMSTUDIO (CST, Bad
Nauheimer Str. 19, 64289 Darmstad, Germany) [27]. The spiral coil is modelled as a cylindrical coil.
Hence, for the spiral coil configuration, a 2D axisymmetric FE model does not involve any approxima-
tion. This 2D model is constructed and calculated in the FEM Magnetics (FEMM) software [28]. The
differences of the results for the magnetic energy and the power loss collected in Table III are fully
attributed to the different resolutions of the 3D and 2D FE meshes. For the radial coil configuration,
an approximate 2D radially symmetric FE model is constructed and solved by the approach developed
in this paper. The magnetically active region is limited to r 2 Œr1; r2 D Œ20 mm; 100 mm. Here, the
results for the magnetic energy and the power loss differ significantly (Table III).
The discrepancy is particularly caused by the assumption of radial symmetry, which is violated by
the closing path parts of the coil currents and by the induced eddy currents at r  r1 and r  r2. At
the radial end parts, the current density features a peripheral component. The size of the end regions
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Figure 5. Top: an induction cooking system with a spiral coil; bottom: an induction cooking system with a set of
radially oriented coils.
Table III. Magnetic energies and power losses of two configurations
of an induction cooking system, calculated by a 3D finite-element
(FE) solver, by a 2D axisymmetric FE solver and by the 2D radially
symmetric FE solver.
Magnetic energy (J) Power loss (W)
Spiral coil (2D) 17.4e-3 95.9
Spiral coil (3D) 17.5e-3 98.7
Six radial coils (2D) 23.2e-3 109
Six radial coils (3D) 20.4e-3 140
is comparable to the modelled region. Moreover, significant fringing of the magnetic flux is observed
in the 3D results. The accuracy of the 2D model can be improved by coupling to an external circuit
incorporating additional resistances and inductances that model the end-winding parts [12]. Values
for the resistances and inductances can be obtained from approximate analytical models or by 3D
magnetostatic simulation of an end-region model. Nevertheless, also without field-circuit coupling, the
newly developed 2D FE solver for radial symmetry provides valuable results for early stages of the
design, at a fraction of the computational cost. The non-optimized MATLAB (The MathWorks, Inc.,
3 Apple Hill Drive, Natick, Massachusetts, 01760 USA) implementation of the 2D solver needs less
than a minute, whereas a highly optimized 3D simulation needs more than 5 min for a comparable
mesh density.
9. CONCLUSIONS
A 2D FE solver for models with radial symmetry has been presented. It requires dedicated edge shape
functions, which are capable of consistently representing a homogeneous axial flux density, a periph-
eral flux density, which is inversely proportional on the radius, and an induced electric field strength,
which is related to a divergence-free radial current density. Lowest-order edge shape functions have
been developed that feature a partition-of-unity property and converge at the highest achievable rate.
A comparison between two coil configurations for induction cooking has shown the strengths and
limitations of the 2D FE solver with radial symmetry.
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